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Abstract

This work studies the dynamics of the filling up of a rigid cylindrical porous matrix by a Newtonian fluid and the heat transfer
associated phenomenon. A mixture theory approach is employed to obtain a preliminary local description for non-isothermal flows
through a wellbore. The mixture consists of three overlapping continuous constituents, representing the porous matrix (solid con-
stituent), the Newtonian fluid (liquid constituent) and an inert gas included to account for the compressibility of the mixture as a
whole. Assuming the convective flow on radial direction only, a set of four non-linear partial differential equations describes the
problem. Its hydrodynamic part—a non-linear hyperbolic system—is approximated by means of a Glimm’s scheme, combined with
an operator splitting technique, while an implicit finite difference scheme is used to simulate the thermal part. Some examples illus-

trate the proposed strategy.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Among the practical applications of transport phe-
nomena in porous media, groundwater flows, enhanced
oil recovery processes, contamination of soils by hazard-
ous wastes, storage of nuclear waste material in deep
earth rock layers or deep ocean sea beds and pollution
movement, could be mentioned. The increasing interest
related to such phenomena may be explained by the
importance attached to problems that impact the energy
self-sufficiency and the environmental state.

Transport phenomena in unsaturated porous media
are characterized by a strong dependence of the motion
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on the saturation. Since the media are partially satu-
rated, there is a force (depending on the saturation gra-
dient) giving rise to a fluid flow. According to Tien and
Vafai (1990), these phenomena have been studied since
the 1920s, emphasizing momentum transport. The dry-
ing phenomenon was simulated supposing that the fluid
motion through the porous medium was caused by dif-
fusion only (the balance of linear momentum was substi-
tuted by the diffusion equation). In other studies the
influence of capillary forces (surface tension) in the
modeling of liquid motion has also been considered.
This work studies the dynamics of the filling up of a ri-
gid cylindrical shell porous matrix by a Newtonian fluid
and the heat transfer associated phenomenon, in order
to build a preliminary local description for non-isother-
mal flows through a wellbore, using a mixture theory ap-
proach in the mechanical modeling. This method of
attack a convenient one for modeling multicomponent
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Nomenclature

Ap dimensionless diffusive term coefficient—fluid
constituent equation

As dimensionless diffusive term coefficient—solid
constituent equation

Br dimensionless internal source term coeffi-
cient—fluid constituent equation

Bg dimensionless internal source term coeffi-
cient—solid constituent equation

cr fluid specific heat—measured in a Continuum
Mechanics context

Cs solid specific heat—measured in a Continuum
Mechanics context

D diffusion coefficient

ke fluid thermal conductivity—Continuum
Mechanics context

ks porous matrix thermal conductivity—Contin-
uum Mechanics context

K porous matrix specific permeability

mg momentum supply acting on the fluid
constituent

Do reference pressure

qr partial heat flux associated with the fluid
constituent

qs partial heat flux associated with the solid
constituent

Rgg internal heat source coefficient

Tr fluid constituent temperature

Ts solid constituent temperature

u fluid constituent dimensionless velocity

VE fluid constituent velocity

y dimensionless Darcian term coefficient

€ porous matrix porosity

A associated eigenvalue

|2lmax maximum absolute value among all
eigenvalues

A parameter depending on the porous
medium thermal properties and internal
structure

i fluid viscosity—measured in a Continuum
Mechanics context

ITg internal heat source associated with the fluid
constituent

Ilg internal heat source associated with the solid
constituent

Ok dimensionless fluid constituent temperature

Os dimensionless solid constituent temperature

PF fluid constituent mass density

or actual mass density of the fluid—regarded as
a single continuum

T dimensionless time

¢ dimensionless position

v saturation

systems was first presented within the framework of Con-
tinuum Mechanics by Truesdell (1957). A detailed devel-
opment of the conservation laws, along with a discussion
on their thermodynamic consistency is presented in this
work (Truesdell, 1957). Its basic assumption is that, at
any time, all the constituents are present at every point
of the mixture. This method is a convenient one for treat-
ing multicomponent systems—being supported by a local
theory with thermodynamic consistency which general-
izes the classical Continuum Mechanics (Germain and
Muller, 1986; Gurtin, 1981). The unsaturated porous
medium is modeled as a mixture of three overlapping
continuous constituents: a solid (a rigid, homogeneous
and isotropic porous matrix), a liquid (an incompressible
Newtonian fluid) and an inert gas, assumed with zero
mass density; which was included to account for the com-
pressibility of the system as a whole.

Among the approaches usually employed for dealing
with transport phenomena in porous media, the most
widely used is the volume averaging technique. In this
approach, concentration and velocity components are
described as volumetric averages in order that the
momentum transport may be described in a classical
continuum mechanics context. This approach has al-
ready allowed the analysis of complex problems, among

which one could mention, for instance, the multiphase
transport process with phase change in unsaturated por-
ous media (Vafai and Whitaker, 1986), or the mixed
convection (Aldouss et al., 1996; Chang and Chang,
1996; Chen et al., 1996). A comparison among different
models for transport in porous media employing a vol-
ume averaging approach is found in Alazmi and Vafai
(2000).

Among the relevant works employing a volume aver-
aging approach those due to Amiri and Vafai (1994) and
Sozen and Vafai (1990) worth mentioning. The former
(Amiri and Vafai, 1994) has analyzed dispersion, non-
Darcian, variable porosity and non-thermal equilibrium
effects in forced convective flows through saturated por-
ous media—which were modeled as a bed of uniform
solid particles randomly packed. They concluded that
the validity of the local thermal equilibrium hypothesis
was strongly influenced by Darcy number, being also
susceptible to the solid phase (particle) Reynolds num-
ber. As these numbers increase, local thermal equilib-
rium assumption looses its validity. In Sozen and
Vafai (1990) the forced convective flow of a compressi-
ble fluid through a porous matrix has been studied, con-
sidering oscillating boundary conditions. An explicit
finite-difference scheme was employed in the numerical
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simulation, since shock waves were not present in the
considered mathematical model.

Other approaches, such as theories of consolidation
and multi-scales models are largely used whenever por-
ous media deformation is accounted for. Consolidation
is a time-dependent volume reduction of the soil skele-
ton, resulting from a load, which generates a pore-pres-
sure distribution and, consequently, a field of relative
velocities between soil particles and the liquid inside
the pores. Biot (1941) formulated the first general multi-
dimensional consolidation theory, accounting for the
relation between the soil deformation and the fluid flow.
The foundations of multiphase deformable porous
media, employing both a generalized Biot’s theory and
a hybrid mixture theory (which considers both micro-
scale and macroscale) approaches are presented in Lewis
and Schrefler (1998), who discuss numerical solution
methods (emphasizing finite elements) of coupled prob-
lems in porous media. Multi-scale models, in which the
porous medium is treated as a system characterized by
hierarchy of length scales, are largely employed in the
analysis of porous media deformation. The macroscopic
model is derived from an upscaling of the corresponding
microscopic model, allowing deriving precise equations
in the microscopic level. Besides, accurate correlation
among the macroscopic parameters and the porous med-
ium microstructure may be established. A thermome-
chanical model may be developed within the framework
of the hybrid mixture theory (Hassanizadeh and Gray,
1980), a modification of the classical mixture theory
(Atkin and Craine, 1976) in which microscopic field equa-
tions are averaged in order to identify both microscopic
and macroscopic variables. In a more recent work, Hass-
anizadeh and Gray (1990) have developed a hybrid, ther-
modynamically consistent, theory to describe two-phase
flow in porous media accounting for interfacial effects.

The mixture theory leads to an apparent thermome-
chanical independence allowing the existence of n dis-
tinct velocity fields and »n distinct temperature fields (if
thermal non-equilibrium is permitted), simultaneously,
at each spatial point, whenever a n-constituents mixture
is considered. In order to provide dynamical and
thermal interactions, additional terms, absent in a Con-
tinuum Mechanics description—playing the role of
momentum and energy sources—are required to ac-
count for the thermomechanical coupling among the
constituents in the balance equations. Constitutive rela-
tions for these sources, satisfying the material objectivity
and the Second Law of Thermodynamics, are used
(Martins-Costa et al., 1992; Martins-Costa and Sald-
anha da Gama, 1994, 1996; Costa-Mattos et al., 1995).

Besides the momentum source, usually called a Dar-
cian term—the cylindrical geometry gives rise to other
source terms, which would be absent in a rectangular
geometry, for instance. Assuming the porous matrix
rigid and at rest it suffices to solve the momentum and

mass balance equations for the liquid constituent. The
energy balance, on the other hand, must be satisfied
by the solid constituent and the liquid constituent—
from now on denoted as fluid constituent. Since the
gas constituent is present for allowing changes in the lig-
uid fraction (or liquid concentration) only, no equation
is required to describe its behavior.

In most cases, an accurate mathematical modeling of
real problems involving transport phenomena gives rise
to non-linear systems of partial differential equations.
Numerical strategies to deal with these problems, such
as finite element and finite difference methods, after per-
forming a convenient discretization lead to algebraic
systems of equations. In the present work a distinct ap-
proach—specifically built to deal with non-linear hyper-
bolic systems—is employed.

Assuming a forced convection process, a convenient
numerical approach may be built in—the hydrody-
namic part consisting of a non-linear hyperbolic system
whose approximation is used as input for the thermal
problem.

Supposing the convective flow through a cylindrical
porous shell on radial direction only the hydrodynamic
problem consists of a non-linear hyperbolic system of
two coupled partial differential equations, whose un-
knowns are fluid constituent velocity and the satura-
tion—all functions of the position and time. Like the
Euler equations in gas dynamics (Chorin and Marsden,
1979), this non-linear hyperbolic system may present
discontinuities—which will be shock waves in case they
satisfy the entropy condition (Smoller, 1983)—in addi-
tion to classical solutions. Its numerical approximation
is obtained be combining Glimm’s Scheme (Glimm,
1965; Chorin, 1976)—specially designed to deal with
problems with shock waves and an operator splitting
technique accounting for the non-homogeneous part of
the differential equations (see Martins-Costa and Sald-
anha da Gama, 2001 and references therein).

Most transport phenomena description involve para-
bolic or elliptic partial differential equations which are
usually simulated by methods like finite elements, finite
differences or finite volumes. Hyperbolic systems, on
the other hand, allow very realistic descriptions, since
the propagation of any quantity—or information—in
real natural phenomena is characterized by a finite
speed. However they may not admit regular solu-
tions—requiring special tools for reliable simulations
such as, for instance, Glimm’s scheme or Godunov’s
one. Among the numerical procedures adequate to cope
with discontinuous problems, Glimm’s scheme is the
one that better preserves the shock identity, repre-
sented by the shock magnitude and position, being a
method without numerical dissipation. When compared
to other numerical methodologies such as a finite ele-
ment method associated with a shock capture proce-
dure, Glimm’s method presents a clear advantage of
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saving computer storage memory, however its limitation
to one-dimensional problems is an important short-
coming.

Glimm’s scheme consists of a numerical procedure
employing the solution of the associated Riemann prob-
lem to generate approximate solutions of the hyperbolic
equations, when subject to arbitrary initial data. The
main idea behind the method is to appropriately gather
the solution of as many Riemann problems as desired to
march from a time n to a time n + 1. In short, Glimm’s
scheme implementation requires—for every time step,
the complete solution of a Riemann problem for each
two consecutive steps. In order to employ this scheme
the initial data must be approximated by piecewise con-
stant functions giving rise, for each two consecutive
steps, to an initial value problem known as the Riemann
problem, which must be solved for these two consecutive
steps. The operator splitting technique consists of a
decomposition of the hyperbolic operator in two parts
so that the merely hyperbolic part of the operator—
approximated by Glimm’s method—is split away from
its purely time evolutionary one. More specifically it
consists of advancing in time through the equations rep-
resenting the homogeneous problem, employing
Glimm’s method to obtain an initial approximation.
Once this approximation has been evaluated, the numer-
ical approximation for the solution at a successive time
instant is finally reached by advancing in time to solve
the purely time evolutionary problem, with the same
step. These results, in turn, are used as input for the
thermal problem—namely the determination of the fluid
(liquid) and the solid constituents’ temperatures which is
simulated by means of a finite difference implicit scheme
with staggered grids. Representative numerical results,
showing distinct time instants to characterize the evolu-
tion in the behavior of the saturation, the fluid constitu-
ent velocity and the fluid and the solid constituents’
temperatures are presented.

2. Mechanical model
2.1. Balance equations

Assuming a chemically non-reacting continuous mix-
ture of a rigid solid constituent at rest, a liquid constit-
uent—from now on denoted as fluid constituent and an
inert gas playing the role of the third constituent, it suf-
fices to solve mass and momentum balance equations
for the fluid constituent only. It is important to empha-
size that although the fluid (a liquid) is incompressible
the fluid constituent is compressible, its compressibility
being accounted for by the presence of an inert gas,
coexisting inside the pores with the liquid. So, the mass
balance is given by (Atkin and Craine, 1976; Rajagopal
and Tao, 1995)

0
LE4V - (ppve) =0 (1)

in which pg stands for the fluid constituent mass den-
sity—representing the local ratio between the fluid con-
stituent mass and the corresponding volume of mixture
and v is the fluid constituent velocity in the mixture.

The balance of linear momentum for the fluid constit-
uent is given by (Atkin and Craine, 1976; Rajagopal and
Tao, 1995)

6VF
PE [@ + (VVF)VF] =V - Tr + mg + ppbr (2)
where T represents the partial stress tensor—analogous
to Cauchy stress tensor in Continuum Mechanics—asso-
ciated with the fluid constituent. The body force is rep-
resented by bg while mg is the momentum supply acting
on the fluid constituent due to its interaction with the
remaining constituents of the mixture. This momentum
source is an internal contribution, consequently the net
momentum supply to the mixture—due to all the con-
stituents—must be zero:

Z":m,-:o (3)

The balance of angular momentum is satisfied
through an adequate choice of T, being automatically
fulfilled whenever the partial stress tensor is assumed
symmetrical.

Once thermal non-equilibrium among the constitu-
ents is allowed both fluid (liquid) and solid constituents
must satisfy the conservation of energy—only the gas
constituent is not required to fulfill the balance equa-
tions for being an inert gas. The energy balance is given
by (Atkin and Craine, 1976; Rajagopal and Tao, 1995).

or

chf|:atF+(VTF)VF:| = —qu+TF 'DF+}’F—|—HF
oT

Pscs[a—:} =—V.qs+rs+1Is (4)

where the fluid and the solid constituents’ temperatures
are given, respectively, by T and Ts, the partial heat
fluxes—analogous to the heat flux vector in Continuum
Mechanics—associated with the fluid and the solid con-
stituents by qr and qg and the external heat supplies to
the fluid and the solid constituents are denoted by rg
and rg. Also pg represents the solid constituent mass den-
sity (the local ratio between the solid constituent mass
and the corresponding volume of mixture), Dg is the sym-
metrical part of Vvg tensor and ¢, and ¢ stand for the
solid and the fluid specific heats—measured in a Contin-
uum Mechanics context. Thermal non-equilibrium
among the constituents leads to the possible existence
of n distinct temperature fields at each spatial point of
an n constituents’ mixture—giving rise to internal heat
sources—namely the fields ITg and I1s. More specifically,
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these internal contributions Iy and IIg represent, respec-
tively, the fluid constituent and the solid constituent
interaction with the remaining constituents of the mix-
ture—expressing an energy transfer per unit time and
unit volume, in such a way that an n-constituents’ mixture
obeys the following equation (Martins-Costa et al., 1993)

2":17,- =0 (5)

2.2. Constitutive relations

Before presenting the constitutive relations required
building a mathematical model for heat and momentum
transport through rigid unsaturated porous media, an
important quantity must be considered. The saturation
 is defined as the ratio between the fluid fraction ¢
and the porous matrix porosity ¢, so that

y=2=rr
e epr

in which py is the actual mass density of the fluid—re-

garded as a single continuum, in contrast to pg defined

as the fluid constituent mass density.

According to Williams (1978) and Saldanha da Gama
and Sampaio (1987), the following constitutive relation
may be considered for the momentum source term—
which accounts for the dynamic interaction among the
constituents, in a mixture representing an unsaturated
flow of an incompressible Newtonian fluid through a
porous matrix

mr = —o)’ve — BV
. &g & uD

w1thoc—K7 p= e (7)
where ug represents the fluid viscosity (measured consid-
ering a Continuum Mechanics viewpoint), K the porous
matrix specific permeability and D a diffusion coeffi-
cient—analogous to the usual mass diffusion coefficient.

An analogy with the stress tensor acting on an incom-
pressible Newtonian fluid within a Continuum Mechan-
ics framework probably led Williams (1978) to consider
the partial stress tensor acting on the fluid constituent as
being proportional to the pressure acting on it and to the
gradient of its velocity. A constitutive relation analo-
gous to the usually employed for Cauchy stress tensor
with such a behavior comes as a consequence. A further
simplification has been later proposed by Allen (1986),
who concluded that among the three distinct momentum
transfer mechanisms in the mixture—namely: shear
stresses, interphase tractions and momentum transfer
through fluid drag on the porous matrix, the normal
fluid stresses were dominant, the shear stresses and inter-
phase tractions being negligible when compared to the
fluid drag, leading to the following approximated rela-
tion for the partial stress tensor

0 < Y < 1 everywhere (6)

Tr = —&py’1 (8)

where p is a pressure (assumed constant while the flow is
unsaturated) and I is the identity tensor.

A constitutive relation for the partial heat flux, ana-
logous to the classical Fourier’s law, broadly used in a
Continuum Mechanics approach, is employed. These
relations account for all constituents’ temperatures, their
thermal conductivities—measured in a Continuum
Mechanics approach, being related to the material asso-
ciated with each of the constituents—as well as the mix-
ture internal structure and kinematics, being given by
(see Martins-Costa and Saldanha da Gama, 1996 and
references therein):

qr = —AkeeyVTE 9
qs = —Ak(1 —&)VTs ©)
where A is a positive valued parameter depending on the
porous medium thermal properties and internal struc-
ture and k¢ and kg represent the Newtonian fluid and
the porous matrix thermal conductivities, measured in
a Continuum Mechanics context. It is remarkable that,
in the above stated equations the fluid constituent par-
tial heat flux is proportional to the fluid fraction.
¢ = & while the partial heat flux for the solid consti-
tuent depends on the porous matrix porosity é.

The energy generation function II; is an internal con-
tribution representing the energy supply to a given con-
stituent arising from its thermal interaction with the
remaining constituents of the mixture. The II; function
would be zero at a given point only if the so-called ther-
mal equilibrium assumption were assumed. Any consti-
tuent i receives energy from its interaction with the
j-constituents at a higher temperature and provides
energy to those at a lower temperature, according to
the following constitutive relation (Costa-Mattos et al.,
1995; Martins-Costa and Saldanha da Gama, 1996)

1= 3" Ry(T, - 7) (10)

The coefficient R,-j is a positive valued parameter that
may depend on the thermal properties of j-constituents,
on their velocities and on the mixture internal structure.
In the mixture considered in the present work, since the
gas constituent is assumed inert, thermal interaction is
only present between the fluid (liquid) and the solid con-
stituents of the mixture so that —IIg= IIx (Martins-
Costa et al., 1993) resulting in Rgs = Rsr and giving rise
to

Il = —IIs = Rys(Ts — Tx) (11)

in which Rpg is a positive-valued factor, which depends
not only on spatial position and on both constituents’
thermal properties but also on their velocities, account-
ing for the convective heat transfer.
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3. One-dimensional phenomena

The non-isothermal radial flow in the draining proc-
ess of a cylindrical porous shell is now considered.
Assuming all the quantities depending only on the time
t and on the position r and that v is the only non-vanish-
ing component of the fluid constituent velocity vg, then
the balance equations (1)—(3) combined with the satura-
tion definition (6) and the constitutive relations (7)—(11)
give rise to the following set of equations:

oy Y
6t+6r(!//)777
v wl] = - S - Py

I ST

+ Resy(Ts — Tk)

1=ame | =ani-a -5 ()]

+ Resy (T — Ts)
(12)
The non-linear system presented in Eq. (12) may be

rewritten in a more convenient form by redefining a
reference pressure pg as

n=p+ (13)

and introducing the following dimensionless quantities:

fE R

I"—I",

= = 0
Ve — I"l F T() ’ S = T() (14)
Ap — Ak ﬁ’ By — Resr. [pr
preer, \ epg eprer \ epy
Ak Rgsr,
Ag = P oo TS [P0
psCsts \| €py (I —¢)pses \ epg

in which r, = r, — r; with r, and r; standing for the exter-
nal and internal radii of the cylindrical shell matrix and
Ty is a reference temperature. Consequently, the system
presented in Eq. (12) may be rewritten as

o o, yu
E*'az(‘//“) -
lﬁuz 2

o ) ) = ==
‘”[— ”aé} B aé(“ )

+ B (0s — Or)
00y Ag 0O 00g
e T3 <éa—§> + Bsy (0 — 0s)

4. Numerical procedure

Considering the flow not affected by the thermal
problem—the usually employed forced convection
assumption, a convenient procedure may be adopted.
First the hydrodynamic problem stated in the first
two equations of (15) is solved, its approximation being
subsequently used as input for the thermal problem sta-
ted in the last two equations of (15). The numerical
scheme consists in, starting from the fields, , u, O
and fg at a time instant t,, obtain the approximations
for y and u at a successive time 7,+1. These later values
are, in turn, used as input for the approximation of 6y
and Og at 7,4;.

4.1. Hydrodynamic problem

This section presents an adequate scheme to obtain
numerical approximations for the non-linear hyperbolic
system of partial differential equations described in the
first two equations of (15). In order to achieve this goal,
two ingredients are combined: Glimm’s scheme—a reli-
able method whose accuracy is mathematically ensured
(Glimm, 1965; Chorin, 1976) and an operator splitting
technique. Glimm’s method is based on a theory whose
mathematical formulation presents a solid thermody-
namic basis—expressed by the entropy condition (Smol-
ler, 1983). Two important features of this numerical
scheme deserve a special remark. First, if the width of
the steps tends to zero, the approximation obtained by
Glimm’s method tends to the exact solution of the prob-
lem—considering its weak formulation. Another charac-
teristic of this scheme is that it does not dissipate shocks,
preserving their magnitude (no diffusion being observed)
and position.

A procedure combining an operator splitting tech-
nique (to account for the non-homogeneous portion of
the differential equations) with Glimm’s method has al-
ready been successfully used in other non-linear hyper-
bolic problems numerical simulation. Examples are
wave propagation in fluids (Sod, 1977), gas flow in pipe-
lines (Marchesin and Paes-Leme, 1983), filling-up of a
porous matrix (Saldanha da Gama and Sampaio,
1987), wave propagation in a damageable elasto-visco-
plastic pipe (Freitas Rachid et al., 1994), response of
non-linear elastic rods (Saldanha da Gama, 1990),
forced convective flow of a Newtonian fluid through
an unsaturated porous slab (Saldanha da Gama and
Martins-Costa, 1997) and isothermal unsaturated flow
of a Newtonian fluid through a porous slab—covering
most one-dimensional cases of interest (Martins-Costa
and Saldanha da Gama, 2001; Martins-Costa et al.,
1995). It is remarkable that the problems addressed in
all these above mentioned works, due to their hyperbolic
nature, do not require boundary conditions, being basi-
cally initial value problems (John, 1982).
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4.2. Operator splitting technique

The operator splitting technique (see Martins-Costa
and Saldanha da Gama, 2001 and references therein)
is now employed in the first two equations of system
(15). Essentially, this technique consists of an operator
decomposition in such a way that its merely hyperbolic
part—a homogeneous problem depending on both ¢
and t—is split away from its purely time evolutionary
one. In other words, the original system is replaced by
two problems namely the equivalent homogeneous
problem and an ordinary system, whose left-hand side
is a function solely of t while its right-hand side is co-
incident with the original system.

Considering the original system with known initial
data at a given time instant t =1, the first step to
achieve its solution (y,u) at time t = 1,41, consists in
employing Glimm’s scheme to approximate the equiva-
lent homogeneous problem—giving rise to an initial
approximation at time 7,+;. In the sequence, acting in
a similar way as in a prediction—correction algorithm,
the following ordinary system is solved, considering
the same time step At = 17,41 — T,

o Yu

o &

0 u? s

W) == —wu (16)
¥ =,01(8)

« } att =1,
yu = Yi),, ()

The system represented in the first two equations of
(16) could be rewritten in a more appropriated form,
by using the chain rule and substituting the first equa-
tion in the second one, as

O Yu
ot ¢
o (17)
61__ﬂpu

Assuming non-zero velocity # and non-zero saturation
W, since no splitting would be required if either u =0
or Yy =0, the following ordinary equation is obtained:

dy 1
dr &

Since 1/£y may be treated as a constant for a given value
of £, Eq. (18) admits an analytical solution given by

éyuz%—%uo@lt:'f?(lﬁ—%)*’uo (19)
in which /o and uq refer to information obtained at the
preceding time instant by employing Glimm’s method.
Substituting in the first equation of (17) the expression
obtained for the velocity in (19) the following analytical
solution is obtained for the saturation:

(18)

lﬁ—

A=y —uo/&
_ ABexp(4Ar) . -
V= 1 + y[Bexp(4At)] withq B =/ (4 = 7¥0)
AMt=1—1

(20)

Expression (20) may be substituted in (19) giving rise to
an analytical solution for the velocity.

A=Yy —up/&
B ABexp(4AArt) . B .
v A et MO Bl
T=T—7T

(1)

4.3. Glimm’s scheme

Defining, by convenience, F=y and G = yu, the
hydrodynamic problem essentially an initial value prob-
lem subjected to a given data at 7,, may be rewritten as

OF oG G

or ToET €
oG 0 (G G*/F
a—’_a_f(F—’_F)__ —FG

with F = F,(¢) and G = G,(¢) att=1, (22)

in which F = F,(¢,7), and G = G, (&, 7).

Glimm’s scheme is then applied to the homogeneous
problem associated with (22) namely the merely hyper-
bolic portion of the operator given by

67F+67G70

ot of

G 0 (G

a-i-a—é(F-l-F) =0 (23)

F=F,¢ att=r,
G=G,(& att=r1,

This section describes the procedure to obtain a
numerical approximation for the solution of the homo-
geneous system (22) at a time instant 7,.,—denoted as
F,.1 and G,,. In order to implement Glimm’s scheme,
the solution of the Riemann problem associated with
(23) must be previously known. Essentially, a time evo-
lution through Glimm’s scheme is performed by solving
the associated Riemann problem between each two con-
secutive steps.

First, since the initial condition of a Riemann prob-
lem must be a step function, the arbitrary initial condi-
tion given by a function of the position &—namely

F(&,0) = Fo(¢)
G(&,0) = Go(9)

must be approximated by piecewise constant functions.
In the present work this approximation is carried out

(24)
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by employing equal width steps. At a given time 7; this
approximation may be expressed as

F :Fn(é) %Fn,' :ﬁvn(éz—’_enAé)
G= Gn(é) ~ Gni = Gn(éi + 917Aé) (25)
for & — AE/2 < & < &+ AE/J2

in which 6, is a number randomly chosen in the open
interval (—1/2,+1/2) and A¢ is the width of each step
(AE =& — &)

The approximations for the initial data presented in
Eq. (25) combined with the homogeneous problem pre-
sented in (23) give rise, for each two consecutive steps,
to a Riemann problem (Smoller, 1983) associated with
Egs. (23).

The solution of this associated Riemann problem is
the second step required implementing Glimm’s scheme.
In order to successively march from time 7 = 7, to time
Tp+1 = T, T Az, the following associated Riemann prob-
lem must be solved—for each two consecutive steps

oF 0G

a—ka—g:()
0G 0 (G (26)
—+=(=+F)=0
af+a§<F+ )
with

A
(F,G) = (F,,G,) fort=r1,, —oo<é<€i+7

A
(F5 G) = (FHWUGVI‘H) fOI‘ T =Ty, éH»l 77 < é < 00
(27)

The detailed solution of the Riemann problem repre-
sented by Egs. (26) and (27) is presented in Martins-
Costa and Saldanha da Gama (2001). Denoting by F -
and G,,, the generalized solution of Egs. (26) and (27),
the approximation for the solution of Egs. (23) at time
T,+1 18 given as follows:

FnJrl - ﬁll+](é) ~ ﬁn;(éafnJrl)
Gn+1 - G)z-%—l(é) ~ Gn,'(57 Tn+l>

In order to prevent interactions among nearby shocks
of adjacent Riemann problems, the time step At and,
consequently, 7,+; must be chosen in such a way that
the Courant-Friedrichs-Lewy condition (Smoller,
1983) be satisfied, thus assuring uniqueness for the
solution:

for & < &< &y (28)

A¢
2|4

(29)

Tntl — T g
max
where |A|max 18 the maximum (in absolute value) propa-
gation speed of shocks, considering all the Riemann
problems at time 7,,.

At this point it is important to stress some features of
Glimm’s method. First if the width of the steps tends to
zero the approximation obtained by Glimm’s method

tends to the exact solution of the problem considering
its weak formulation. Another characteristic of Glimm’s
scheme is that it preserves shock magnitude (no diffusion
being observed) and position whose admissible devia-
tion from the correct position is of the order of magni-
tude of the width of each step.

After each advance in time, the obtained solution is
no longer given as a step function. Thus a new random
selection is required in order to build the initial condi-
tion as a step function to perform the time evolution
from a given time instant 7, to the next instant 7,.; by
employing Glimm’s method. Once the solution for a
given time instant 7, is known, the initial data for the
next step, 7,+1, 1S approximated as
F, =F(& +0,A¢, 1) A¢ A¢

for & — 22 4 as
G, = Gl&, +0,A7,) TS T2 SISt

in

(30)

This numerical approximation of the equivalent
homogeneous problem at a time instant 7,4+;—obtained
by Glimm’s scheme and denoted as F,.; and G,.i, is
combined with the solution of the ordinary system ex-
pressed by Egs. (20) and (21), giving rise to an approx-
imation for the solution (F, G), or, alternatively, (,u),
at a time instant 7 = 1,+;. The above-described proce-
dure, which generates an approximation for the solution
of the original system at t = 1,41, iS repeated until a
specified simulation time is reached.

4.4. Thermal problem

Starting from given values for the fields F, G, 0 and
0s at a time instant 7,,, the previous items have described
how to achieve an approximation for the solution of the
hydrodynamic problem at a successive time instant
T = 17,+1, given by the fields F and G. These later values
are, in turn, used as input for the solution of the thermal
problem namely the approximation of the dimensionless
temperature fields 0 and 0s at t,+1. The following im-
plicit finite difference scheme is employed to perform
the thermal problem numerical approximation:

Fn+1 [%} ! + Gn+1 [a&] !

ot o¢
e g [6) 0P 00T
=F [65 v 5e| |ae

+ ApF"! 0 n—i—B F 05 — 0g]"
F o F S F]

051" As [30s]" 0%0s]" - :
[E] —? [a—f] + Ag {6—62} + BsF [QF—HS]

(31)

in which the thermal parameters A, B, As and Bs have
been defined in Eq. (14).
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5. Numerical results

The numerical procedure described in the previous
sections is now illustrated through the simulation of
the forced convection radial flow through the cylindrical
shell porous matrix depicted in Fig. 1. The non-linear
system presented in Egs. (15) is subjected to the follow-
ing initial data:

¥ =1h(9)

u=io(c) for t = 0 (32)
Or = O, (<)

0s = 0s,(¢)

in which the initial saturation y,(¢) has been considered
either a constant value or given by distinct step func-
tions (varying from 1 to 0.05), the initial velocity ()
and the solid constituent initial temperature 0s, (&) were
assumed to be zero everywhere while for the fluid con-
stituent initial temperature Og (&) either a zero value
or a step function (varying from 0.05 to 1), have been
postulated. Besides these above described initial condi-
tions, the system (15) observes these following boundary
conditions, for t>0:

y=1
£=0={ 005/0¢ =0
QF:O or HF:l (33)
- 305 /a¢ = 0
é_1;‘{6&/65—0

Some selected results considering the influence of the
diffusive terms’ coefficients A and Ag, of the internal
source terms’ coefficients Br and Bg as well as of the
Darcian term coefficient y are shown in Figs. 3—-12. All
depicted results have been obtained by employing
Glimm’s scheme with 300 steps for each time advance.
Each considered case is presented in a set composed
by six lines and four columns of graphs. Each line rep-
resents a distinct time instant—the first one being the

Insulated
Surface

Fig. 1. Problem statement: cylindrical shell porous matrix representing
a wellbore.

initial condition, while each column corresponds to the
behavior of a distinct variable—namely saturation, fluid

1 1
Y- Y, H-U
min
I'Ijrrzax-lprmvz Uppax = Upin
0 0
0 1 0 1
1 1
eF - eme es Frnin
eFma; eFrm‘n 0 eFma; Fimin 0 L
0 1 0 1

Fig. 2. Schematic diagram of the figures, representing saturation, fluid
constituent velocity and fluid and solid constituents’ temperatures
variation with radial position for a given time instant.

= nnne
e NIne
o X jLJ e
NN
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Fig. 3. Saturation, fluid constituent velocity and fluid and solid
constituents’ temperatures variation with radial position using 6g =0
at & and O =1 at &, with Ag=1, As=10, Bg=0.1, Bs=10 and
y=1.
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constituent velocity and fluid and solid constituents’
temperatures. All the depicted diagrams show at the
left-hand side (£ =0=¢;) the cylindrical shell porous
matrix internal radius, its external radius (£ =1=¢,)
being shown at the right-hand side. In all the depicted
results the vertical axis corresponds to the numerical va-
lue assumed by, V¥, u, 0 and 0O, the horizontal one being
the spatial coordinate £. Besides, all the qualitative re-
sults exhibited were obtained by employing a convenient
normalization, in such a way that the minimum and
maximum displayed values correspond to zero and unit
values for ¥, u and O, conveniently redefined as

lﬂ lﬂ B lpmin u U — Umin
lpmax - lrbmin ’ Umax — Umin '
QF GF - QFmin (34)

N
OF max ~ OF min

In order that both constituents’ temperatures are easily
compared, 0O is displayed using the same scale employed
for Of, in other words,

0s —0 min
Og — > “Fmin (35

BF max ~ 6F min

~

NI
SN
N
ENERR
~NAL:

Fig. 4. Saturation, fluid constituent velocity and fluid and solid
constituents’ temperatures variation with radial position using 0 = 1
at &;and O =0 at &, with Ag =1, As =10, B = 0.1 Bs=10and y = 1.
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Fig. 5. Saturation, fluid constituent velocity and fluid and solid
constituents’ temperatures variation with radial position using 0 = 0
at &;and O = 1 at &, with Ap =1, 4g=10, B, =0.1, Bg=1land y = 1.

An important feature, present in all depicted results,
is that the discontinuities for the variables , u and
00g/0¢& are at the same spatial position, since the position
of the jump for 00E/0Z must be the same position for the
jump of . Fig. 2 presents a schematic diagram to be em-
ployed in Figs. 3—-12, representing saturation, fluid con-
stituent velocity and fluid and solid constituents’
temperatures variation with radial position for a given
time instant. Some conclusions, derived by considering
Figs. 3-12 are now related. Initially, Fig. 3 is confronted
to Figs. 4-8, through a convenient variation of Ag, As,
Bg, Bg and 7y, as well as of the initial fluid constituent
temperature profile. In the sequence, again using these
parameters’ variation, it is possible to confront Fig. 9
to Figs. 10-12.

Figs. 3 and 4 show the influence of the fluid constitu-
ent initial temperature on the evolution of ¥, u, 0 and
0s. The results have been obtained by using the same
values for the diffusive terms (4g = 1 and 4 = 10), the
internal heat sources (Bg = 0.1 and Bs = 10) as well as
the momentum supply (y =1) coefficients. Also, the
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Fig. 6. Saturation, fluid constituent velocity and fluid and solid
constituents’ temperatures variation with radial position using 6g =0
at & and O =1 at &, with Ag =10, Ag=1, Bg=0.1, Bs=10 and

y=1

same initial data has been considered for Y, u and 6s,
while distinct step functions describe 0 initial behavior.
In Fig. 3 the function assumes values 0 = 0 from ¢&; to
an intermediate ¢ and 0g = 1 from this intermediate &
to &, and in Fig. 4 the initial temperature is given by
O = 1 from ¢;to £ and O = 0 from & to &,. The behavior
of saturation and fluid constituent velocity remained
unaltered in both cases, the variation being restricted
to solid and fluid constituents’ temperature profiles.
The solid constituent temperature shows a more visible
variation with time in Fig. 3 (given by a decay whose
intensity decreases with time evolution) than in Fig.
4—the latter presenting a very discrete increase.

The influence of some coefficients present in the
energy equations on the evolution of , u, O and 0g
may be observed by comparing Figs. 3, 5 and 6. Fig. 5
was obtained by using a solid constituent heat source
coefficient (Bs = 1) 10 times smaller than the value em-
ployed to build Fig. 3. Comparing these two figures no
variation is observed in the fluid constituent tempera-
ture, while the solid constituent profile in Fig. 5 remains

initial
data
T=041 \ ﬂ f
T=0.82 \ A r
T=1.23 \ /
=
T=164 \ /
A
T =2.05 \ /L
_f_
“p U eF eS

Fig. 7. Saturation, fluid constituent velocity and fluid and solid
constituents’ temperatures variation with radial position using 0g =0
at &;and O =1 at &, with A4g =1, Ag=10, Be,=1,Bs=1land y=1.

almost insensitive to time evolution. An analogous
behavior is observed through the confrontation of Fig.
9 (obtained with Ag =2, A5 =10, B =2, Bsg=50 and
y=1) and 10, in which the only varying parameter is
Bg, whose value has been made 10 times greater in
Fig. 10 (B = 20) than in Fig. 9, with the parameter Bg
being kept constant—thus affecting both constituents’
temperature profiles. The fluid constituent temperature
shows a steep decay at the left-hand side while the solid
constituent temperature variation along the time is
barely noticed. Comparing Figs. 9 and 10 it may be seen
that the increase of the parameter Br made both solid
and fluid temperature profiles almost coincident.

Comparing Figs. 3 and 6—in which both constituents
diffusive term coefficients have been altered, with
Ar =10 (10 times greater than its value in Fig. 3) and
As =1 (10 times smaller than all previously considered
values), it may be observed that the solid constituent
temperature behavior remains almost unaltered. On
the other hand, an important variation is observed in
the fluid constituent temperature profiles.
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Fig. 8. Saturation, fluid constituent velocity and fluid and solid
constituents’ temperatures variation with radial position using 0g = 0
at &, and O =1 at &, with Ag=1, As=10, Bg=0.1, Bs=10 and
» = 10.

/

The influence of the heat source coefficients in both
constituents energy equations is observed by confront-
ing Figs. 7 and 3, the former obtained considering
Bp =1 and Bg =1, respectively 10 times greater and
10 times smaller than the values used in the latter figure.
In Fig. 7, the solid constituent temperature profile
shows a response almost insensitive to time evolution.
On the other hand, comparing the fluid constituent
behavior in the situations illustrated by these two fig-
ures, a certain “‘damping effect” is observed in the tem-
perature evolution depicted in Fig. 7—when compared
to Fig. 3.

In Fig. 8 the so-called Darcian term coefficient (actu-
ally the momentum source term coefficient) has been
made 10 times greater (y =10) than all the results
sketched in Figs. 3-7,—its influence on the evolution
of all the considered variables being observed by con-
fronting Figs. 3 and 8. The slight difference in the dimen-
sionless time t values considered for the time instants
depicted in both figures—characterizing the time evolu-
tion in both problems are explained by this time evolu-

initial
data
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Fig. 9. Saturation, fluid constituent velocity and fluid and solid
constituents’ temperatures variation with radial position using 6 = 0
with Ag =2, A5 =10, Bp =2, Bg=50 and y = 1.

tion being related to the Courant—Friedrichs—Lewy
condition expressed by Eq. (29). Comparing Figs. 8
and 3, a barely noticeable change is observed in both
0 and 0Og profiles while a strong effect on saturation
and fluid constituent velocity profiles is observed, the
latter one even more pronounced—showing a kind of
“damping effect” at its discontinuity. This tendency is
obviously repeated by confronting Fig. 9 (considering
y=1) and 11 (with y = 10—also 10 times greater). A
strong effect on saturation and fluid constituent velocity
profiles is observed, giving rise to changes in fluid and
solid constituents’ temperatures. In Fig. 11 the disconti-
nuity moves slower than in Fig. 9, the saturation shows
a very steep decay and a “damping effect” on the fluid
constituent velocity discontinuity may be noticed. A rel-
atively sharp decrease at the left-hand side is also ob-
served for the fluid constituent temperature—when
compared to the profiles depicted in Fig. 9.

The effect of making the Darcian term coefficient ten
times smaller (y = 0.1) than the value employed in most
depicted cases may be noticed by comparing Figs. 9 and
12. This comparison allows observing from saturation
and fluid constituent velocity and temperature profiles
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Fig. 10. Saturation, fluid constituent velocity and fluid and solid
constituents’ temperatures variation with radial position using 0g =0
with Ag =2, As =10, B =20, Bs=50 and y = 1.

that the discontinuity motion is faster in the latter than
in the former. Besides, the saturation decreases quite
gradually in Fig. 12 (compared to Fig. 9) and the fluid
constituent temperature shows a smaller decrease at
£=0.

6. Final remarks

In this article a non-conventional numerical ap-
proach is used to study transport phenomena in an
unsaturated porous matrix. Its mathematical representa-
tion gives rise to a non-linear system, whose numerical
approximation is performed by first solving the hydro-
dynamic problem and later using the obtained solution
as input for the thermal problem. The numerical
methodology for approximating the hydrodynamic
problem combines Glimm’s scheme to an operator split-
ting technique—allowing the accurate approximation of
a non-linear and non-homogeneous system of partial
differential equations.

W
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Fig. 11. Saturation, fluid constituent velocity and fluid and solid
constituents’ temperatures variation with radial position using 0 = 0,
with Ag =2, A5 =10, Bg =2, Bs =50 and y = 10.

Glimm’s method, besides preserving shock waves
magnitude and position, is a convenient tool for solving
one-dimensional non-linear problems, exhibiting fea-
tures such as low storage costs and low computational
effort, when compared to other numerical procedures
to approximate non-linear problems.

The complete mathematical proof of the numerical
method accuracy can be found in the works of Glimm
(1965) and Chorin (1976), in which it is demonstrated
that the maximum error concerning the shock position
is of the order of magnitude of the step width while
the shock amplitude is preserved—no shock dissipation
being present.
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